In this paper we explicitly compute the transformation that maps the generic second order differential equation y ′′ = f (x, y, y ′ ) to the Painlevé first equation y ′′ = 6y 2 + x (resp. the Painlevé second equation y ′′ = 2y 3 + yx + α). This change of coordinates, which is function of f and its partial derivatives, does not exist for every f ; it is necessary that the function f satisfies certain conditions that define the equivalence class of the considered Painlevé equation. In this work we won't consider these conditions and the existence issue is solved on line as follows: If the input equation is known then it suffices to specialize the change of coordinates on this equation and test by simple substitution if the equivalence holds. The other innovation of this work lies in the exploitation of discrete symmetries for solving the equivalence problem.
Introduction
By fiber-preserving transformations we mean analytical transformations of the form C 2 ∋ (x, y) → (x(x),ȳ(x, y)) ∈ C 2 with the conditionx xȳy = 0 expressing their local invertibility. These transformations form a Lie pseudogroup withx y = 0,x xȳy = 0 (1.1) as defining system. As indicated in the abstract, our aim is to explicitly compute the transformation of this form that maps the second order equation E f : y ′′ = f (x, y, y ′ ), where y ′ = d dx y(x), to the first Painlevé equation (resp. to the second Painlevé equation). This change of coordinates, which is clearly function of f and its partial derivatives, does not exist for every f ; it is necessary that the function f satisfies certain conditions that define the equivalence class of the considered Painlevé equation. Comparing to (KLS85) and (HD02) , the existence issue is solved here on line as follows: If the input equation is known then it suffices to specialize the change of coordinates on this equation and test by simple substitution if the equivalence holds.
The calculations of transformation candidates are based on the following result (DP07) . Given a Lie pseudo-group of transformations Φ and denote by S E f ,Φ the symmetry pseudo-group of the equation E f w.r.t to Φ i.e., S E f ,Φ = Φ ∩ Diff loc (E f ). In (DP07), we proved (i) The number of constants appearing in the change of coordinates is exactly the dimension of S Ef ,Φ . This implies that when this dimension vanishes the change of coordinate can be obtained without integrating differential equations. Also, we have dim(S E f ,Φ ) = dim(S Ef ,Φ ).
(ii) In the particular case when dim(S Ef ,Φ ) = 0, the transformation ϕ is algebraic in f and its partial derivatives and it is obtained without solving differential equations. The degree of this transformation ϕ is exactly equal to the finite value card(S Ef ,Φ ).
The last case is exactly what happens when Ef is one of the Painlevé equations and Φ is the pseudogroup of fiber-preserving transformations or more generally point transformations. Indeed, the classical Lie analysis shows that the point symmetry pseudo-group of each one of Painlevé equations is zerodimensional. Moreover, according to the fact that the unique transformations that preserve the singularity structure are the homographic transformations, one can show by straightforward computations that the point symmetry pseudo-group of Painlevé one is 
which is invariant under point transformations 1 , we consider in the last section of this paper the equivalence under these more general transformations.
Building the invariants
Le (x, y, p = y ′ ) be a system of local coordinates of J 1 = J 1 (C, C), the space of first order jets of functions C ∋ x → y(x) ∈ C (Olv93). Two scalar second order ordinary equations
are said to be equivalent under a point transformation ϕ if its first prolongation (to J 1 ) maps the contact forms
to the contact forms ω 1 = dȳ −pdx ω 2 = dp −f (x,ȳ,p) dx up to an invertible 2 × 2-matrix of the form
The a i are functions from J 1 to C. To encode equivalence under fiber-preserving transformations (i.e. taking in account the Lie equations (1.1)) we must have
for a certain function a 4 : J 1 → C. Summarizing: two second order differential equations E f and Ef are equivalent under a fiber-preserving transformation ϕ if and only if
For this problem, Cartan's equivalence method (Olv95) gives three fundamental invariants
and six invariant derivations defined on certain manifoldM , fibred over J 1 , with local coordinates de (x, y, p, a 1 , a 2 , a 4 ). Here,
When specializing on the Painlevé equations, the two fundamental invariants I 2 and I 3 vanish. On this splitting branch, the application of Jaccobi identity to the final structure equations shows that among the six invariant derivations only two can produce new invariants. These two derivations are
Notation 1 In the sequel, I 1;j···k denotes the differential invariant X k · · · X j (I 1 ). For instance, the invariant I 1;33 is obtained by differentiating twice the fundamental invariant I 1 with respect to invariant derivation X 3 .
3 The first Painlevé equation
Since the associated fiber-preserving symmetry Lie pseudo-group is zero dimensional, this justify the following lemma: on the first Painlevé equation gives six invariants functionally independent defined onM .
The problem with the above invariants is that they do depend on extra parameters a 1 , a 2 and a 4 . Fortunately, in our zero-dimensional case, we can normalize (e.i. eliminate) these parameters by setting
Now substituting the values of the parameters in the remaining invariants give us, due again to our zero-dimensional case, three functionally independent invariants now do not depending on the extra parameters.
Writing the equality of the invariants and simplifying the obtained system, by computing a characteristic set (Kol73; BLOP95), gives an algebraic transformation of degree 5 In these formulae the invariants are normalized using (3.1), that is, do not depending on the extra parameters. According to (ii) of the introduction and (1.2), we have Theorem 1 A second order differential equation E f is equivalent to the first Painlevé equation by a fiberpreserving transformation if and only if this transformation is given by (3.2) and the normalization (3.1).
Let us explain how Theorem 1 can be used in practice. Consider the following equations The second step is to specialize (3.2) on the given equation to obtain transformation candidates. In step 3, we have to check whether the pullback of the first Painlevé equation w.r.t these candidates is exactly the considered equation.
In the case of equation (3.3), the specialization yields for c = 3. The third steps shows that the equivalence holds only for c = −1 and the equivalence transformation is (3.5). We can also deduce, according to (ii) in the introduction, that the cardinal of the fiber-preserving (point) symmetry group of the equation (3.3) with c = −1 is equal to 10. The same calculations show that equation (3.4) can not be mapped to the first Painlevé equation. In particular, we have a division by zero error in step 2 for c = 5. Warning: This error doesn't mean that the method failed. In fact it is part of the method and implies that no equivalence transformation does exist.
Time estimates are given in tables bellow where P 1 refers to the first Painlevé equation.
Computation of transformation candidates
Checking equivalence with P1 c = −1 0.15 (yes) 0.04 c = 3 2.13 (no) 0.13 and as in the previous section, we obtain Let us remark that (4.3) can be obtained from (4.2) (as well as (1.4) from (1.3)) by eliminating theᾱ and taking in account the functional dependence between the invariants resulting fromᾱ = 0. Nevertheless, it is more safe to separate the two cases (α = 0 and α = 0).
Equivalence under point transformation
The equivalence problem under the more general point transformations naturally arises since Painlevé equations belong to the class of equations of the form
which is invariant under point transformations. In this case our starting Pfaffian system is
for which we normalize a 3 and prolong to obtain involution and four fundamental invariants defined on 8-dimensional manifold. For the above class, only two invariants are not identically zero
As in the fiber-preserving case, only two invariant derivations X 1 and X 3 (one page long) are needed.
Theorem 3 A second order ordinary differential equation y ′′ = f (x, y, y ′ ) is equivalent (i) to the first Painlevé equation y ′′ = 6y 2 + x under a point transformation if and only if this transformation is given by with the normalization
(ii) to the second Painlevé equation y ′′ = 2y 3 + xy + α under a point transformation if and only if this transformation is given by when α = 0 and The specialization of (5.3) on this equation yields (after 0.512 seconds) a transformation candidate depending on c and which is too long to include in this paper. The variablex doesn't depend on p in only tow cases c ∈ {−1, 3} and this two values return a division by zero error when computing the others components. The same thing happens with the specialization of (5.3) on (3.3). Thus, equation (3.3) can't be equivalent to the second Painlevé equation under point transformations.
The equation (3.4): The specialization of (5.2) on this equation gives the following transformation (in 1.11 seconds)
(c + 3) (c − 2) 2 p (1 + c) (c − 5) y 12 × (9 y 3 c + 66 y 6 p + · · · + 27 y 3 )ᾱȳ 2 ,
